An important quantity in electronic systems is the quasiparticle scattering rate (QPSR). A related optical scattering rate (OSR) is routinely extracted from optical data, and, while it is not the same as the QPSR, it nevertheless displays many of the same features. We consider a sum rule which applies to the area under a closely realted quantity, almost equal to the OSR in the low energy region. We focus on the readjustment caused by, for example, a quasiparticle density of state change due to the superconducting transition.
to the area under a closely realted quantity, almost equal to the OSR in the low energy region. We focus on the readjustment caused by, for example, a quasiparticle density of state change due to the superconducting transition.
Unfortunately, no general statement about mechanism can be made solely on the energy scale in which the spectral weight readjustment on the OSR occurs. with τ op ≡ τ imp = 2τ qp . In general, inelastic scattering must also be taken into account and τ −1 qp acquires a frequency as well as a temperature dependence. A well studied case is the electron-phonon interaction. At finite temperature atoms in a perfect lattice make excursions off equilibrium and this provides a scattering mechanism for the electrons. As far as quasiparticle properties are concerned, they depend only on the electron-phonon spectral density denoted by α 2 F (ω). 8 This function is temperature independent at low T and describes the scattering of two electrons through the exchange of a phonon. The composite function α 2 F (ω) is a weighted phonon frequency distribution F (ω) seen through the electrons in which each phonon is properly weighted by its coupling to the electrons which is provided by the electron-phonon interaction. The average coupling gives the vertex α(ω).
A knowledge of α 2 F (ω) defines the quasiparticle properties of the electrons completely and in particular provides us with a knowledge of the quasiparticle inverse lifetime τ −1 qp (ω, T ) as a function of temperature and frequency. At low T and ω, specific behavior is found for τ −1 qp (ω, T ) which can sometimes be used to characterize the nature of the electron-boson interaction involved, should it not be the electron-phonon interaction. While for phonons τ of Varma et al. 9, 10 it varies as ω and T respectively, and in the nearly antiferromagnetic Fermi liquid model (NAFFL) of Pines et al. 11, 12 it varies instead like ω 2 and T 2 .
When transport properties are treated a particular complication needs to be considered.
While the quasiparticle lifetime depends only on the rate of scattering of an electron to all available final states (and equivalent scattering in-terms) for transport, the momentum transfer involved in the scattering is also important since collisions with near zero angle (forward) scattering deplete the current much less than those which describe backward scattering. These ideas can be incorporated into a new related function α 2 tr F (ω) which contains a vertex correction not included in α 2 F (ω). Even if the difference between α 2 F (ω) and α 2 tr F (ω) is neglected, the optical scattering rate extracted from infrared optical data when inelastic processes are included is still not the quasiparticle scattering rate described above, although it is closely related and does contain much of the same information.
The optical scattering rate τ −1 op (ω, T ) is extracted from reflectance data according to a well defined procedure. The real and imaginary part of σ(ω, T ) are first constructed and then the real part of σ −1 (ω, T ) is multiplied by the plasma frequency (Ω p ) squared and divided by 4π. This definition finds its motivation in a natural extension of the Drude form
which can fit any conductivity functional form. The simple Drude model results when the effective mass m ⋆ (ω, T ) = m and the scattering rate τ −1 (ω, T ) = τ imp .
As defined τ −1 op (ω, T ) does not obey a sum rule when an integration over frequency is performed. Recently Basov et al. 13 have argued, however, that a closely related quantity
sr (ω, T ) (to be defined below) can be considered, which has the advantage of obeying a sum rule and which is closely related to τ −1 op (ω, T ) in the low frequency part of the spectrum. Further τ −1 sr (ω, T ) can also be constructed from a knowledge of σ(ω, T ) and in the cases considered by Basov et al. 13 is numerically almost the same as τ −1 op (ω, T ) in the frequency range considered by them. The existence of the sum rule for τ −1 sr (ω, T ) is used by Basov et al. 13 to examine the effect of the development of a superconducting gap on the scattering rate and, at higher temperatures in the underdoped regime, the development of a pseudogap.
They find that in this latter case the spectral weight lost at low ω is never recovered up to the highest frequencies measured in their work while for the superconducting gap it is.
They conclude from this that the gap and pseudogap have very different microscopic origins.
Here we will address the question of the validity of such a conclusion by considering in detail several microscopic models.
II. THEORY
Here we examine the sum rule obeyed by τ −1 sr (ω, T ) and concentrate on the important issue of redistribution of spectral weight due to superconductivity, increasing temperature, and increasing scattering.
For the Drude case it is a simple matter to show that the optical scattering time is just the impurity scattering time τ imp and this is twice the elastic quasiparticle lifetime
with σ(ω, T ) according to Eq. (1). Basov et al. 13 introduced a new optical lifetime denoted
where the dielectric function ǫ(ω, T ) is related to the optical conductivity by
The importance of τ −1 sr (ω, T ) is that it does obey a sum rule and also that, at low energy, as we will show below, it is very nearly equal to τ
from which it follows that
Defining
For later reference we have written Eq. (8) for the general case of inelastic as well as elastic scattering.
We begin with the simple case of elastic scattering only and will gain insight into the significance of the new τ 
and we get after some simple algebra
It is important to realize that while τ 
and τ −1 sr has a large peak around the plasma frequency. In fact, in the limit of τ
This is an important result. It shows that in the clean limit the new optical scattering rate is just a delta function peak at the plasma frequency. As impurities are introduced and a finite
imp develops, the delta function smears and it is the tail of this smeared delta function at small ω ≪ Ω p that we probe as the optical scattering rate τ −1 op (ω). Returning to the explicit form (10) and considering the limit ω/Ω p ≪ 1, we see
so that the new and the old optical scattering rate are identical in the low energy range and the difference between the two is only of the order (ω/Ω p ) 2 . What is clear from this analysis is that the spectral weight represented by the area under the curve for τ −1 sr (ω) at small ω is being transfered from the delta function at ω = Ω p as scattering is introduced into the system. Therefore we are dealing here with a process that is transferring spectral weight from the plasma frequency down to the frequency range ω ≪ Ω p . In particular doubling τ −1 imp doubles the spectral weight under τ −1 sr (ω) and, correspondingly, the peak at ω ≃ Ω p gets reduced by the appropriate amount. Its peak height drops by a factor of 4. We also note that for τ −1 imp of the order of a few meV, the area under τ −1 sr (ω) over a range of a few 100 meV is still very small (of order 10 3 meV 2 ) as compared to the total area under the full sum rule which is of the order of 10 6 meV 2 for a plasma frequency Ω p = 1000 meV.
III. NUMERICAL RESULTS AND DISCUSSION
In Fig. 1 we show results for τ op (ω) in this region of energy in the sense that the missing area below 2∆ 0 appears to be compensated for by the overshoot above its normal state value in the region immediately above the gap. This sum rule which we confirm here is, however, on a small energy scale (a few times the gap) and involves a minuscule amount of spectral weight (of order of 1 meV 2 in the example here) as compared to the energy scale (Ω p ) and the weight (Ω op (ω) due to the superconducting transition is spread over a very large frequency range at fixed plasma frequency. Of course one can conceive of processes which would also result in a change in plasma frequency but such a possibility goes beyond the scope of this work. We do not wish, for example, to consider multiband effects.
So far we have looked only at elastic impurity scattering. It is of interest to also consider the inelastic case. To be specific, we start with the electron-phonon interaction for which the required information on the coupling between electrons and phonons is completely captured in the spectral function α 2 F (ω). For this case the normal state conductivity takes on a particularly simple form because of the existence of Migdal's theorem which allows us to neglect vertex corrections. If, for simplicity, we also neglect the differences between α 2 F (ω) and the equivalent transport α
where Σ(ω) is the self energy of the electrons brought about by their coupling to the phonons.
At zero temperature it is given by
More generally, the imaginary part of the self energy (−2Σ 2 (ω)) gives a quasiparticle scattering rate which is temperature and frequency dependent. The previously stated result that it varies as ω 3 is easily verified from Eq. (15) and follows directly from a Debye model with
Further, the NAFFL model 11, 12 corresponds to a small omega dependence for the spectral density which is linear while for the MFL model 9,10 it is constant. It is also clear from Eq. (14) that for Σ(ω) = 0 we recover the simple Drude theory which includes only impurity scattering.
Results for the optical scattering rate in an electron-phonon system are given in Fig. 2 .
The top frame gives results in the limited frequency range up to 500 meV while the bottom frame shows results up to 2000 meV. The plasma frequency has been set to 1000 meV. There are two sets of two curves. The solid and dash-dotted lines form a pair and apply to τ −1 op (ω) and τ −1 sr (ω) respectively for impurity scattering only and are given for comparison. The other pair, dashed and dotted lines respectively, include in addition to impurity scattering some inelastic electron-phonon contribution. The spectrum used for α 2 F (ω) was that utilized for BaKBiO, 17 a superconductor with a T c of 29 K. This is for illustration purposes only, as there is strong evidence that BaKBiO is not a conventional electron-phonon superconductor.
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Here we show results at T = 10 K in the normal state. For more details of the spectrum the reader is referred to the review by Marsiglio and Carbotte. 17 Up to roughly 75 meV, old and new scattering rates deviate very little from each other as commented on before. Also, both sets of two curves start from the same point at ω = 0 where only the elastic scattering contributes. As ω increases towards 500 meV (top frame) the Drude case remains almost constant (exactly constant for the solid curve) while the other two curves which include inelastic scattering grow considerably. The dashed curve, which gives τ
op (ω), shows saturated behavior for frequencies exceeding about 100 meV. This is typical of an electron-phonon system and corresponds to the saturated value of the underlying quasiparticle scattering rate. It is clear from formula (15) that the imaginary part of Σ(ω) takes on its saturated value when |ω| in the last integral equals the maximum phonon energy in α 2 F (ω) (corresponding to ω D -the Debye energy -for a Debye spectrum). Beyond this value of |ω|, increasing the upper limit in the integral leaves its value unchanged. The dotted curve, however, which applies to τ −1 sr (ω), does not saturate at all. In fact, it displays a rather rapid rate of increase around 500 meV in the top frame of Fig. 2 . This is expected since, as we have already described and stress again, the new τ −1 sr (ω) has a very large peak at the plasma frequency. Details are given in the bottom frame of Fig. 2 . The quantities and labels are the same as in the top frame but now a larger range of frequency is shown up to 2000 meV, twice the plasma frequency. The very large delta function-like peak for the case when only elastic scattering is present, is clearly seen at 1000 meV (dash-dotted curve). 20 In the corresponding dotted curve which additionally includes inelastic scattering, the peak has been further broadened (by about 100 meV), but the peak height is still very large compared to the value of the corresponding scattering rates in the infrared region below a few hundred meV. Note also, and we need to stress this, that the usual optical scattering rates, solid curve for the Drude (pure elastic case) and dashed curve for the electron-phonon case, show no equivalent peak and in fact saturate rapidly in the energy range considered in this figure.
We return to the BCS s-wave superconducting state. In Fig. 3 , top frame, we show results for τ imp is compared with that used in Fig. 1 increases the amount of spectral weight lost below the gap in the superconducting case but this area is still very small as compared with the total spectral weight involved in the sum rule. In the lower frame we give more details on the readjustment of the τ −1 sr (ω) brought about by the transition. We define a normalized difference in spectral weight as a function of increasing frequency ν. 
The solid curve applies to T /T c = 0.1, the dashed to 0.8, and the dotted to 0.95 with a plasma frequency of 1000 meV and τ −1 imp = 20 meV. We see that in all cases the readjustment is pretty well complete by 50 meV, which is about 5 times 2∆ 0 . Of course, the higher the temperature, the faster D(ν) falls towards zero. It is clear that the scale of readjustment in scattering rate spectral weight is of order of a few times the gap. In the above we have used τ We continue with the electron-phonon interaction and consider the superconducting state with s-wave gap symmetry for a reasonably clean sample with τ −1 imp = 1.0 meV for the elastic impurity scattering, as shown In Fig. 4 . At zero temperature and zero frequency the scattering rate approaches 1 meV in the normal state. For any non-zero ω, additional scattering takes place due to the inelastic processes. Also at any finite temperature some phonons will always be excited and consequently there will also be a finite ω = 0 intercept to τ
imp is zero. In Fig. 4 , top frame, we show two sets of two curves which serve to illustrate our main points. The solid and dashed curves are in the superconducting
op (ω). Here we wish to stress the low energy region. The superconducting gap is clearly seen in the curves for the superconducting state below 10 meV and some spectral weight is lost when compared with the normal state, but this suppression is small when contrasted with the BCS case described in Fig. 3 . The absorption edge at 2∆ 0 is now not as sharp and does not immediately overshoot the normal curve and there is no peak. In fact, it is not until approximately 30 meV that the superconducting curves first cross the normal state curves. As compared with the simple s-wave BCS case of Fig. 1 and 3 , the spectral weight readjustment in the pure limit with inelastic scattering case is occurring over a much larger energy region (see Eq. (6)). We note that this is so even though the corresponding density of quasiparticle states remains singular at ∆ 0 for an electron-phonon superconductor, yet this hardly shows up in the corresponding scattering rate.
In the bottom frame of Fig. 4 we show results for the difference D(ν) function (dashed curve) defined in Eq. (16) and for the sum rule normalized to unity (gray solid curve for the normal and dotted curve for the superconducting state). It is clear from the dashed curve that some readjustment in spectral weight takes place over quite a large energy scale.
The insert in the top frame gives a clearer indication of this fact. What is plotted is the
op,s (ω) as a function of ω. This difference remains positive until about 30 meV (approximately 6 times the gap) after which it displays a compensating negative region which more than cancels out the lost spectral weight below 30 meV. Beyond 120 meV it becomes slightly positive again. The local minima and maxima in the difference function are related to the minima and maxima in the phonon spectrum which sets the scale for this structure. Clearly, no general statement about the appropriate frequency range over which the readjustment occurs can be made. It depends on such details as coupling strength, the size of the maximum boson energy in α 2 F (ω), and the elastic impurity scattering rate.
Finally note the rapid rise in the sum rule integral (gray solid curve for the normal and black dotted for the superconducting state) as we integrate through the plasma energy. This curve serves to show that for the BaKBiO spectrum used here to discuss the inelastic scattering, the entire region up to ∼ < 500 meV makes only a relatively small contribution to the total sum rule so that the spectral readjustments described are very small indeed in comparison.
We repeat the results of Fig. 4 in Fig. 5 with τ −1 imp = 25.0 meV, which is closer to the dirty limit. Here there is a clear sign of the density of states singularity at ∆ 0 . Much more spectral weight is shuffled to and fro at low frequencies; otherwise the two cases are similar.
We have already given an example of BCS d-wave which showed no clear readjustment in scattering rate spectral weight corresponding to the density of states change in the region of a few times the gap. The calculations were done for Born (weak) scattering. The situation is quite different in the case of unitary (strong) scattering. For details on the various impurity models the reader is referred to earlier literature. 21 Here it is sufficient to state that for the unitary case a T -matrix approach is used to describe the impurity scattering (strong scattering) instead of lowest order perturbation theory for the Born case (weak scattering).
In Fig. 6 we show results for τ Finally, we present results for the d-wave case which includes inelastic scattering. They are presented in our last figure and are based on generalized Eliashberg equations 6,7 previously used by us to discuss the optical conductivity in the high T c cuprates. We will not give mathematical details of the computations here but refer the reader to the literature.
22-24
A summary is as follows: it is possible to understand the measured in-plane infrared properties of the CuO 2 plane in terms of generalized Eliashberg equations which explicitely include d-wave symmetry in the gap channel. The inelastic scattering which enters both gap and renormalization channel is modeled through an electron-boson spectral density I 2 χ(ω)
closely related to the electron-phonon spectral density α 2 F (ω) introduced and discussed 
9,10
Another feature is the observation of the growth of the 41 meV spin resonance observed in neutron scattering 25 and now seen as well in the optics and in ARPES.
In Fig. 7 (top frame) we show results for the case of optimally doped Tl 2 Sr 2 CuO 6+δ (Tl2201). 24 What is shown is τ 
where I 2 is the coupling between the charge carriers and spin fluctuations which are taken to have a characteristic energy ω SF . Both parameters are determined to get a best fit to the real part of the infrared conductivity at T = 300 K. We find ω SF = 100 meV. Our superconducting state results at T = 10 K (solid line) are based on a modification of the MMP model in which we have added a spin resonance peak at ω r = 35 meV. 24 It is noted that for superconducting state calculations a set of two coupled Eliashberg equations are solved, each containing a spectral density I 2 χ(ω). This function need not be the same in renormalization (which determines the normal state properties) and gap channels. We introduce a constant factor g to account roughly for any such difference in the gap channel.
The new parameter g is then fixed to get the measured value of T c ; here g = 0.82. It should be pointed out that this coupling to a spin resonance was derived from optical data and has not yet been observed in other experiments. We also included, for comparison, normal state results at T = 10 K (dotted line) for the same I 2 χ(ω). This last result is not accessible to experiment. The two gray curves represent experimental data by Puchkov et al. 28 ; dashed gray is for T = 300 K and solid gray is for T = 10 K. It is clear from the figure that the superconducting curve is always below the 300 K normal state data and the energy scale for the readjustment of spectral weight between the two cases is many times the gap. On the other hand, if one refers the 10 K superconducting state (solid curve) result to the 10 K normal state result (dotted curve), the weight lost in the region below ∼ 85 meV is more than made up for in the region above the crossover and extending to 250 meV. Also some readjustment is still occurring well beyond this energy scale. Of course, the experimentalist in his analysis can only compare between the normal state data (above T c ) and the data in the superconducting state.
We make a final point in Fig. 7 , bottom frame. We show results for τ For the dotted curve we use instead a MMP spectrum with ω SF = 20 meV which represents a scale for the spin fluctuations and which gives a best fit to the normal state σ n (ω) (dashed curve). An overall cutoff of 400 meV is applied to I 2 χ(ω) for the Eliashberg calculations, along with g = 0.98 to get the measured T c = 92.4 K. The important point we wish to make about these two theoretical results for the superconducting state is that they differ only in the shape of the assumed underlying spectral density I 2 χ(ω). In particular both give very similar results for the electronic density of states N(ε) in the superconducting state.
Yet they differ considerably when used to consider spectral redistribution on entering the superconducting state. As compared with the normal state curve (gray, experimental data) more spectral weight is lost at low ω in the solid than in the dotted curve. Much of the loss is made up at higher energies in the solid curve while the dotted curve never crosses the experimental normal state curve in the energy range considered in this figure. It is clear that for inelastic scattering, changes in shape of the underlying spectral density I 2 χ(ω) can importantly influence the resulting spectral weight shifts observed in the scattering rate when the material becomes superconducting. These changes are additional to any accompanying density of state changes that may also be present. It is the growth of the spin resonance peak which is present in the superconducting state and not in the normal state for optimally doped systems that is responsible for the overshoot of the solid curve above the dashed curve (normal state) in our calculations. In underdoped systems the spin resonance starts at the pseudogap temperature.
IV. SUMMARY
Sum rules on optical quantities can be a powerful tool in making pertinent inferences from data and have played an important role in the analysis of such data. Reflectance data is routinely analyzed to obtain the real and imaginary part of the conductivity, and, guided by the structure of the generalized Drude form for the conductivity, a frequency and temperature dependent optical scattering rate τ −1 op (ω) can be constructed from a knowledge of the conductivity. This optical scattering rate is not the quasiparticle scattering rate at the Fermi surface but is rather some complicated average over frequency and over the Fermi surface (should there be anisotropy, a complication we have not treated here). Nevertheless, the two rates are closely connected and valuable information about electron scattering and inelastic processes is obtained from a knowledge of τ −1 op (ω). No sum rule applies to the integral under the curve τ
29 It is possible, however, to define a related quantity which also has units of energy; this new scattering rate, denoted τ −1 sr (ω), does satisfy a sum rule. It also has the remarkable property that in the low energy region of the infrared spectrum, it is numerically equal to the optical scattering rate τ is increased, the spectral weight at small ω has been transfered to this region from the plasma frequency, so that the readjustment of spectral weight in τ −1 sr (ω) brought about by an increase in elastic scattering is over the entire frequency range up to Ω p . When inelastic scattering is included, the same effect takes place (to be specific we have considered the case of an electron-phonon system). The peak at Ω p in τ −1 sr (ω) is broader than in Drude theory and an increase in the strength of the electron-phonon interaction again results in the transfer of weight from the plasma frequency to the low ω region. Of course, as the coupling is further increased, the amount of spectral weight in τ −1 sr (ω) which resides at low energies, say within one quarter of the plasma frequency, could become a substantial fraction of that left in the peak around Ω p . In this case the low ω region is more representative of the total spectral weight available under the τ −1 sr (ω) vs. ω curve. We have examined several specific cases in some detail. For a BCS s-wave superconductor with only elastic scattering we find that the missing spectral weight from below twice the gap ∆ 0 (where τ −1 sr (ω) is zero) is largely compensated for in the region immediately above the gap where τ −1 sr (ω) shows a peak which is a reflection of the density of electronic states in the superconductor. This last quantity has a square root singularity at ω = ∆ 0 . In this example readjustment of the spectral weight is occuring only at low energies (ω ≪ Ω p ) and the amount involved is very small compared with the total sum. Therefore we are dealing here with an effective sum rule, operative over a limited energy region. Another interesting case is s-wave gap symmetry with inelastic scattering due, for example, to the electron-phonon interaction. For the clean limit we find that the spectral weight readjustment in τ −1 sr (ω) due to the onset of superconductivity when compared with the normal state is spread over a very large frequency range very much like in the d-wave BCS case and quite different from the BCS s-wave case. It is certainly not confined to the region of a few times the gap. Even though the electronic density of states has the same singularity at ω = ∆ 0 as in the BCS case, no peak is seen just above 2∆ 0 . Note that in this example the same microscopic mechanism as in BCS is operative, yet the net results are quite different. Readjustments due to N(ε) are not seen directly in the clean limit. To see them impurity scattering is required. This applies equally well, in a slightly modified form, to the d-wave case. For pure elastic scattering spectral weight readjustment takes place over the entire range to the plasma frequency but including some impurity scattering in the unitary limit changes τ −1 op (ω) radically in the gap region. In this instance the loss of spectral weight below the gap is seen to be largely compensated for by an overshoot around the gap (not twice the gap).
There is one further complication; in highly correlated systems the underlying spectral density in boson exchange formulations has its microscopic origin in electronic correlations and is therefore expected to show changes as the electronic system changes phase. These changes in charge-carrier-fluctuation spectral density can induce scattering rate spectral changes which are similar to those due to electronic density of states readjustments and it is then difficult to separate the two effects.
It is clear from these examples that no general statement can be made about spectral weight readjustment in the scattering rate due to microscopic changes in the underlying system. It is apparent that in addition to the gap energy scale, the frequency scale of the source of the inelastic scattering influences the frequency range of spectral weight readjustment in this sum rule -the higher this scale, the higher the frequency affected. We conclude that it is not possible to make firm conclusions about the mechanism on the basis of the magnitude of the energy scale on which readjustment of spectral weight in the optical scattering rate is taking place. 
